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1 Introduction 



In recent work, we have been developing a new approach to the study of superspace, namely by means 
of harmonic and Clifford analysis (see e.g. [H (HI [HI [ID])- We consider a superspace M m l 2 ™ generated by 
to commuting or bosonic variables and 2n anti-commuting or fermionic variables ([5]). The main feature 
of this approach is the introduction of an orthosymplectic super Laplace operator V 2 and a generalized 
norm squared R 2 . They have the property V 2 (i? 2 ) = 2 (to — 2n) — 2M with M the so-called super- 
dimension. As we will see this parameter characterizes several global features of the superspace R m l 2 ™, 
see also [HI GO OH HI] • in 01 [HI HO] integration over the supersphere (algebraically defined by R 2 = 1) was 
introduced providing a new and powerful tool in the study of super analysis. 

The aim of this paper is to define, characterize and apply spherically symmetric or orthosymplectically 
invariant superfunctions. They are defined as functions of the generalized norm or equivalently as func- 
tions invariant under the action of the super Lie algebra osp(m\2n) . We show that these functions have 
the expected behavior with respect to the differential operators and integration over the supersphere. In 
particular we obtain dimensional reduction theorems for Berezin integrals (extending results from |21| ) 
and for differentiation. The fundamental solution for the super Laplace operator with respect to Berezin 
integration was calculated in [11] . We show that the fundamental solution is an example of a spherically 
symmetric function. Moreover, this leads to a mean value theorem for super harmonic functions. 

Schrodinger equations in superspace were considered first as a method to incorporate spin ([13 ). 
The quantum (an-)harmonic oscillator ( EH HI] ) , the Kepler problem ([23]), the delta potential ([7]) 
and the Calogero-Moser-Sutherland- model ([H]) have already been studied in superspace. We show how 
general orthosymplectically invariant Schrodinger equations (such as the various oscillators and the Kepler 
problem) can be solved using spherically symmetric functions and spherical harmonics in superspace. 

In [10] a super Funk-Hecke formula for polynomials was constructed. Using the supersphere integration 
from [4] we can extend this Funk-Hecke theorem to general super zonal functions. This construction leads 
to Bochner's periodicity relations for the Fourier transform of spherically symmetric functions weighted 
with spherical harmonics. This, in turn, is equivalent with a super Mehler formula, which is related to 
the Mehler formula obtained in [5] via the Hille-Hardy identity, see [16] . 

The paper is organized as follows. After a brief review of the necessary operators on the orthosymplec- 
tic Riemannian superspace we define spherically symmetric superfunctions. Then their most important 
properties with respect to integration and derivation are proven. Next, spherically symmetric functions 
are used to prove a mean value theorem for harmonic functions and to solve a certain class of Schrodinger 
equations. Finally, the Funk-Hecke theorem for super zonal functions is proven, leading to the Bochner's 
relation for the super Fourier transform. 

2 Preliminaries 

Superspaces are spaces where one considers not only commuting (bosonic) but also anti-commuting 
(fermionic) co-ordinates (see a.o. (2j). The 2n anti-commuting variables x\ generate the complex Grass- 
mann algebra A2 n . An arbitrary element / £ A2 n can always be written as / = YIaIa^a with 
xa = x" 1 ■ ■ ■ #2n n , A = {oil, • ■ ■ , «2ri) € {0, l} 2 ™ and fA £ C. The dimension of A 2n as a C-vectorspace 
is hence 2 2 ™. We consider a space with to bosonic variables a;,. The supervector x is defined as 

x = (-Xl) ' ' ' , A m+2 „) = (x,x) = (xi, • • • ,X m ,x\, ■ ■ ■ ,X2n). 

The corresponding superspace is denoted R m l 2 ™ and we will always assume to 7^ 0. We consider a 
Riemannian superspace with orthosymplectic metric. In that case, the inner product of two supervectors 
x and y is given by 

rn 1 n 

(x, y) = (x, y) + (x, V) = XiVi - ^ ^(akj-i&j - ^jfaj-i)- W 

i=i 3=1 

The commutation relations for two supervectors are determined by XiYj = (—l)^^YjXi with [i] = if 
i < to and [i] = 1 otherwise. This implies that the x\ and y i together generate the Grassmann algebra 
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A4 n . This also means that the inner product ([T} is symmetric, i.e. (x, y) = (y, x). The inner product 
can be written as (x, y) = Ylij Xig 13 Yj with metric g dehned as 

fg u = 1 1 < i < m, 

j g 2i-l+m,2i+m = _y 2 I < i < n, 
g 2i+m,2i-l+ m = l<i<n, 

j ,J =0 otherwise. 

We dehne X J = Xig lJ so for the commuting variables x J = Xj and for the anticommuting variables 
x 3 ~ = \x2j and x 2] — — ii2j-i< Considering the symmetry of the metric, g lJ = (— l)M<? Jt , we 
subsequently obtain 

(x,y) =J2 X ' Y i =J2 X ^ ji (-^ Y j = (2) 

j i,j i 

The generalized norm squared is given by 

m+2n m n 



R 2 = (x,x> = Y, XjX 3 = E x * - E^i-i^ 

j=l i=l j=l 



2 -2 

r — a: . 



This i? 2 is used in the study of certain quantum hamiltonians in superspace (see [71 151 1151 123] ). In previous 
papers (e.g. [4j [5j [8] [9j [10]) we used the notation x 2 = —R 2 . The fermionic norm squared satisfies 

x 2n = n\x\x 2 ■ ■ ■ x 2n , 

which is the element of maximal degree 2n in A2 n . 

The fermionic partial derivatives d x ~ commute with the bosonic variables and satisfy the Leibniz rule 
dx'jXk = Sjk — Xkd x ~ r The super gradient is defined as 

V = (d x i, ■ ■ ■ ,d xm +2n). 

Using d x ~2j-i = 2d x - 2j we find 

V = (d Xl ,--- ,d Xm , 2d x - 2: -28 Xl , ••• ,2& 2 „,-2& 2 „_ 1 ), 
and V J = {-l)Wd Xr The super Laplace operator is given by 

m + 2 n rn + 2 n m n 

v 2 = (v,v>= J2 v " v ^ E i-V lk] dx k d xk =Y d l - 4 Eva« - v ' + v /- 

fc=l fc=l i=l j=l 

The super Euler operator is defined as 

m+2n m+2n m 2n 

E = E b +E / = (x,V> = ^ X fe V fe = ^ X k d Xk = + E 'V-'r ■ (3) 

fc=l fc=l i=l i=l 

The operators iV 2 /2, iR 2 /2 and E + M /2, generate the Lie-algebra, see [SI [TO]. This is a conse- 
quence of the commutators 

[V 2 /2,i? 2 /2] = E + M/2 
[V 2 /2,E + M/2] = 2V 2 /2 
[i? 2 /2,E + M/2] = ~2R 2 /2. 

The following calculation also extends the bosonic case: 

(V,x) = M + E. (4) 
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The Laplace-Beltrami operator is defined as 

A LB = R 2 V 2 -E(M -2 + E). (5) 

The orthosymplectic Lie superalgebra osp(m\2n) is generated by the following differential operators in 
superspace (see [2"5] ) 

La = Xid xi - (-l^Xjdxi (6) 

for 1 < i < J ' < m + 2n. Note that in the orthosymplectic case Ljj is not necessarily zero, since e.g. 
L m +2i,m+2i = —4:X2idx 2i _ 1 . A calculation shows that the Laplace-Beltrami operator can be expressed as 

m+2n 

Alb = — 2 ]T L ijg ik g»L kl , 

i : j,k : l—l 

see [20] • Since the Laplace operator is orthosymplectically invariant and the Euler operator commutes 
with the Lij , the Laplace-Beltrami operator also commutes with all the . So we find that the Laplace- 
Beltrami operator is a Casimir operator of osp(m|2n) of degree 2, see [17l [20] . 

The space of superpolynomials is given by V = R[xi, • • • , x m ] (g) A2 n . More general superfunctions 
can for instance be defined as functions with values in the Grassmann algebra, / :flc M m — > h.2 n ■ They 
can always be expanded as 

/ = $>a/a, (7) 

A 

with xa the basis of monomials for the Grassmann algebra and /a : fi C W n — > C. The purely 
bosonic part /o, with xo — 1 is usually called the body of the superfunction. In general, for a function 
space JF corresponding to the m bosonic variables (e.g. 6>(R m ), L p (M. m ), C fe (f2)) we use the notation 

Fm\2n — F ® ^2n- 

The null-solutions of the super Laplace operator are called harmonic superfunctions. In particular we 
are interested in harmonic superpolynomials. 

Definition 1. An element F G V is a spherical harmonic of degree k if it satisfies 

V 2 F = 
EF = kF, i.e. F e V k . 

Moreover the space of all spherical harmonics of degree k is denoted by Wh- 
in the purely bosonic case we denote this space by Ti. h k . Since we will use this space for different 
dimensions, we include the number of bosonic variables d in the notation, Ti. b k d . Formula (0 implies that 
spherical harmonics are eigenfunctions of the Laplace-Beltrami operator, 

A LB H k = -k{M -2 + k)H k , (8) 
for H k & Hk- We have the following decomposition (see [TO])- 
Lemma 1 (Fischer decomposition). If M ^ — 2N 7 V decomposes as 

oo oo oo 

k=0 j=0 k=0 

This decomposition captures the essence of the Howe dual pair (osp(m\2n),sl2) with generated by 
iV 2 /2 and iR 2 /2 and osp(m|2n) generated by the in equation ©. Each ©Jl ^^k is an irreducible 
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st2-representation, the weight vectors are R^Rk- The blocks R^Rk are exactly the irreducible pieces of 
the representation of osp(m\2ri) on V when M > 0, see |23j . 
In the purely fermionic case (m = 0) this decomposition is 



B 



n n—j 

A 2n = ®®^H{, (9) 

j=0 k=0 

which corresponds to the decomposition of A.2 n into irreducible pieces under the action of sp(2n). 
The integration used on A2 n is the so-called Berezin integral (see OHO]), defined by 

- 777771^7"- (10) 

On a general superspace, integration is then defined by 

/ = / dV(x) 1 = 11 dV(x), (11) 

with dV(x) the usual Lebesgue measure in E m . Note that we omit the measure in the notation for 
integration over superspace. 

The supersphere is algebraically defined by the relation R 2 = 1, when m^O. The integration over 
the supersphere was introduced in |10j for polynomials and generalized to a broader class of functions in 
0]. The integration for polynomials is uniquely defined by the following properties, see [HH]- 

Theorem 1. When m 7^ 0, the only (up to a multiplicative constant) linear functional T : V — > K 
satisfying the following properties for all /(x) G V : 

. T( J R 2 /(x))=T(/(x)) 

. T(f(g ■ x)) - T(/(x)), V.g G SO(m) x Sp(2n) 
• k + I => T(R k Ri) = = T(«,W fc ) 
zs gzwen &y f/ie Pizzetti integral 

X/W = E 22fcfc!r(fc + M/2) (V 2fc /)(0), /(x)GP. (12) 

For a general superfunction which is n times continuously differentiable in an open neighborhood of 
the unit sphere S m_1 , the integration over the supersphere is defined as (see [4], theorem 8) 



Sss^ j^o-fs" 1 - 1 ~ h lo- 
using spherical co-ordinates x — r£ and with dt; the surface measure on §" i_1 . For a polynomial, formulas 
(TT2"T) and (fT"3| coincide. It should be stressed that not all terms in the expansion ([7|) of a superfunction 
/ need to be n times differentiable. The body has to be n times differentiable but for instance the part 
fi,— ,i only has to be an element of Li(S m_1 ). The area of the supersphere is given by 

2ir M / 2 

r(M/2) ' 

The supersphere integration (|12p is an immediate generalization of the bosonic Pizzetti formula, by 
substitution of the dimension. The Berezin integral can be connected with the supersphere integration 
again by dimensional continuation, see [1] . This gives a new logical interpretation of the Berezin integral. 
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r = 1 



(13) 
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Theorem 2. For M > and f a function in Li(R m ) m | 2n D C n (W n ) m \ 2n ? the following relation holds 

poo P 

f = / dvv" 1 - 1 / /(«x). 



SS,x 



This theorem already reveals that we can expect dimensional reduction for evaluations of Berezin 
integrals, as e.g. obtained in |21) . 

Integration over the superball is defined as 



/ = / dV(x) / / + V / d£ 

SB JB m J B ' 



j=0 



U + 1)! 



r) 1 

or 2r 



where B m is the unit ball in R m . Integration over the supersphere is connected with integration over the 
superball by Green's theorem (see [4l 110)). 

Lemma 2. For a superfunction f which is n times continuously differentiable in an open neighborhood of 
the unit sphere § m_1 and for wich V/ exists almost everywhere and is integrable over B m , the following 
holds 



V/ = / x/. 

SB JSS 

In other words, the supervector x acts as an outer normal on the supersphere. This integral formula 
differs from the Stokes' formulas on superspace in [3] and |22] since it does not connect a domain on 
K m l 2n with its boundaries of codimension (1,0) and (0, 1), see [3]. 

The Clifford- Hermite functions are eigenvectors of the isotropic harmonic oscillator in R m , for an 
overview see [5]. They provide an alternative for the basis of products of Hermite functions, based on 
the 5 l O(m)-invariance of the hamiltonian of the harmonic oscillator. In superspace they were defined in 
[9] and studied in full detail in [5 . They can be expressed as 

1> jM = 2^j\Ll +k - 1 (R 2 )H[ l) cxp(-R 2 /2), (14) 

with a basis of Hk and the generalized Laguerre polynomials. Here, the super Gaussian is defined 



by 

n 

exp(-i? 2 /2) = cxp(-r 2 /2)exp(x 2 /2) = C xp(-r 2 /2)^ 



x 3 



2i iV 

3=0 J 



For the purely bosonic one-dimensional case we obtain 4>j.o,i = 2 2 - 7 j!L, ( 2 (x 2 ) exp(— x 2 /2) and — 
i 

2 2j 'j\Lj (x 2 )x exp(— ir 2 /2) which are the classical Hermite functions on the real line. When M £ — 2N, 
the super Clifford-Hermite functions in formula (fT4|) form a basis of the space V exp(— R 2 /2), see lemma 
[TJ They are the eigenvectors of the super harmonic oscillator, 

X - (R 2 - V 2 ) Vi.M = (2j + fc + y)^, M - 
In [B] the super Fourier transform on <S(R m ) m | 2 „ was introduced as 

^n| 2n (/( x ))(y) ^ (2tt)- m / 2 / exp(± i (x,y»/(x), (15) 

yielding an SO(m) x S l p(2?i)-invariant generalization of the purely bosonic Fourier transform. In [5] the 
following Mehlcr formula for the super Fourier kernel was proven, 

E rr + Mt^ y^ 1 ^)^'" 1 ^)^^^ "P(-^ffi = ex P ( ± i(x, y) ). (16) 

j,k y 2 > 



G 



In this formula, -Ffc(x, y) is the reproducing kernel of satisfying 

/ ff/(x)F fe (x,y) = <f w JTi(y), for all Hi £Hi. (17) 

JSS,x 

F fc (x,y) is explicitly given by 

fWxy) - 2fc + Af-2r(M/2) (M _ 2)/2 /(x,y) 
W,yj - M _ 2 2fM/2 l«^J ^ ^ RxRy 

with C k (t) a Gegenbauer polynomial. Since the Gegenbauer polynomial is even (odd) when k is 

even (odd), only positive and even powers of R x and R y appear and the expression is well-defined. 

3 Orthosymplectically invariant superfunctions 

We want to consider functions which are spherically symmetric in superspace. They are called spherically 
symmetric or orthosymplectically invariant superfunctions. In stead of starting from the definition as 
osp(m|2n)-invariant functions, we make the analogy with bosonic analysis and define them as functions of 
'R\ using a suitable Taylor expansion in the fermionic variables. We will prove later that these functions 
are exactly the osp(m|2n)-invariant functions. 

Definition 2. For a function h : M. + — > R, h £ C n (M. + ), the superfunction with notation h{R 2 ) is defined 
as 

n s2j 
X 



h(R 2 ) = ]T(-l)^«(r 2 ) 
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and is an element of C° (M. m ) m i2 n . 



It is clear that R + can be replaced by any open S C M + in this definition. As these functions 
only contain even elements of the Grassmann algebra, spherically symmetric functions commute with all 
elements of A2„ . The super Gaussian introduced in equation (|14j) is an example of definition [2] 

The space of spherically symmetric superfunctions also forms a commutative C-algebra with multipli- 
cation the usual multiplication of superfunctions. The fact that the space is closed with respect to this 
multiplication follows immediately from 

g(R 2 )h(R 2 ) = (gh)(R 2 ), (18) 

for g, h £ C™(K + ) and the notation of definition [2j This also implies that definition [2] generates a C- 
algebra morphism between the algebra of functions C"(R + ) and the algebra of spherically symmetric 
functions. 

As an example we define the superfunction V R 2 and call it R, 



We can extend definition [5] to more general arguments than R 2 . 

Definition 3. Let h be a function h : M — > M., h £ C 2 "(R). For every superfunction /(x) = /o(s) + /i(x) 
(as in formula with body fo and nilpotent part fx, the superfunction with notation /i(/(x)) is defined 

as 

in 



M/(x)) - ^ {J ^h«\f (x)). 



3- 
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This definition allows to rewrite the spherically symmetric superfunction corresponding to the com- 
position of two functions h,g £ C"(R + ), 

(hog)(tf) = h(g(R 2 )). (19) 

We hence obtain an equivalence between functions of the form h(R) (defined as in definition [3] with 
/(x) = R) and spherically symmetric functions. This is given by h(R) — g(R 2 ) with g,h £ C"(K + ) 
satisfying g = h o ^f~-. These functions h(R) could therefore also have been used as the definition for 
spherically symmetric functions. This means we can define the function R a , for a £ K using definition 
[3] as a function of the superfunction R, or using equation (p~9|) and definition [2] as R a — (R 2 )~. Both 
definitions are equal and give 

3=0 h 

with (a)j — (a)(a + 1) • • • (a + j — 1) the Pochhammer symbol. In case a £ 2N, this reduces to ordinary 
polynomials R 2k using the binomial theorem. 

Now we will show that the spherically symmetric functions have the expected behavior. A straight- 
forward calculation yields the following lemma 

Lemma 3. With the notations from definition^ and h £ C n+1 (R + ), the following holds, 

Vh{R 2 ) = 2xh {1) {R 2 ). 

Proof. The bosonic derivatives follow from d Xi h^(r 2 ) = 2xih^ +1 \r 2 ). For the fermionic part we calcu- 
late 

d^-MR 2 ) = 2d £2k J2(-iy-^-h^(r 2 ) 

3=1 J ' 

n+l -2j-2 

= 2x 2k ^J2(-l) U - 1) ^^h^(r 2 ) 

3=1 {J '' 

= 2x 2k -ih W (R 2 ). 

The term d x ~2kh(R 2 ) is calculated similarly. □ 

Combining lemma [3] with equation ([3]) we obtain 

Eh{R 2 ) = 2R 2 h {1) {R 2 ). (20) 

Therefore, the super Euler operator formally acts as R8r on spherically symmetric functions. 

Lcmma[3]implies that spherically symmetric functions are null-solutions of all the differential operators 
Lij in equation ©. We can prove that all the functions which are null-solutions of the generators of 
osp(m|2n) are of this form. 

Theorem 3. A differ entiable superfunction /(x) which is orthosympectically invariant, i.e. for which 

LijfW = 

for all i < j is a spherically symmetric superfunction of the form of definition [H 



S 



Proof. It was already mentioned that spherically symmetric functions are orthosymplectically invariant. 
Now we prove the other direction of the theorem. We know that a purely bosonic solution of the bosonic 
Lij is of the form g(r 2 ) with g differentiable. Elements of A2„ which are null-solutions of all X £ sp(2n), 
have to be contained in the one dimensional blocks in the sp(2n)-decomposition ^ of A.2 n . These 
correspond to g? 3 . 

From these considerations we conclude that / has to be of the form 

n ( T\k 
k=0 



for some differentiable functions f k . Now applying the mixed (bosonic- fermionic) L 



fc=l fe=0 



n— 1 / -. s f, n—1 , . n/j 



k=0 k=0 

= o, 

we finally find f' k = fk+i- d 

Now we prove 'dimensional reduction' theorems for differentiating spherically symmetric functions. 
This means that most of the behavior of the functions is captured in the super-dimension M. So in 
case M > 0, we can use formulas well-known for bosonic analysis in M dimensions. We start with the 
expression of the Laplace operator on spherically symmetric functions. In m bosonic dimensions this is 
given by the formula, 

V 2 h(r 2 ) = (|1 + "^l^hir 2 ) = Ah^(r 2 )r 2 + 2mh^(r 2 ). (21) 
or* r or 

Lemma 4. With the notations from definition^ and h S C n+2 (R + ) 

V 2 h(R 2 ) = Ah (2) {R 2 )R 2 + 2Mh w {R 2 ). 

This can be generalized to 

[V 2 ,h(R 2 )} = AR 2 h {2) (R 2 ) + h {1 \R 2 )(4M + 2M). (22) 

Proof. Using lemma [3] and equations (0} and (|2T)|) we calculate 

V 2 h(R 2 ) = 2(V,x)h^(R 2 ) 

= (2E + 2M)h {1) (R 2 ) 

= AR 2 h {2) (R 2 ) + 2Mh {1 \R 2 ). 

The generalization follows from formula ^ 

[V 2 , h(R 2 )} = V 2 (h(R 2 )) + E ([V fc fc(i? 2 )] V fe + (-l) [fe] [V k h(R 2 )] V fc ) 

k 

72/l/d2\\ I o /t-7 / j / j-) 2 \ 



= V 2 (/i(i? 2 ))+2(V(/i(i? 2 )),V) 
= 4R 2 h {2 \R 2 ) + 2Mh^(R 2 ) +4h^(R 2 )E. 



□ 



Using equation ([22]) we thus obtain 

V 2 h{R 2 )H k = 4R 2 h^(R 2 )H k + (4k + 2M)h (1 '>(R 2 )H k , (23) 

for H k £H k . 

The Laplace-Beltrami operator and the spherically symmetric functions commute. 
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Lemma 5. If h e C n+2 (R+), the 



[A LB ,h(R 2 )} = 0. 

Proof. This follows from lemma [4] and equations (|20|) and ([5]). The result can equally be obtained from 
[Lij, h(R 2 )] = because (Lijh(R 2 )) = and L,j is a first order derivative. □ 

Now we prove integral theorems for spherically symmetric functions. The following lemma implies 
that integration on the supersphere acts on spherically symmetric functions as expected, i.e modulo 
R 2 -l. 

Lemma 6. For <?(x) n times continuously differ entiable in an open neighborhood of the unit sphere E> m ~ 
and h(R 2 ) as in definition^ the following holds 



h{R 2 )g{*) 



ss 



h(l) / 5 (x). 
Jss 



Proof. We start by calculating 
h(R 2 )g 



ss 



n f „ n-j &j + 2k 



3=0 



k=0 



jlk) 



(^y r - 2 h^\r 2 )g 



So we find J ss h(R 2 )g is well-defined since the derivatives of h appear only up to fcM. We then find 



x ft 



= EL .* tE 



§m-l 



t r 



( " y r m-2 g 



p=0 



d_ 

> ^2 - 



r=l 

y dr 2 ' 



t — s-\-s- 



°h(r 2 ) 



r=l 



E 



Since EU OO(-l)*- - (-1)*5ES5 = (-1)**©*, = we obtain 
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,s - ,s - 



d i /E 



" x 2t 



[A(r 



r=l 



which completes the proof. 



□ 



In this section we reserve the notation y for a bosonic vector in R M . Combining lemma [B] with theorem 
Elwe find that for h(R 2 ) e Li(M m ) m |2„ and M > 



h{R 2 



0~M 



R M 



v M - 1 h(v^)dv 



h(rl)dV{y). 



Hence, in case M > 0, the Berezin integral of a spherically symmetric function depends only on the 
super-dimension M and not on m and 2n separately. In particular, it is equal to the Lebesgue integral 
in M bosonic dimensions. This result was also found in [21] using a different approach. Now we use our 
approach to calculate the integral in case M < in order to reobtain theorem III. 1 in [21] . Here, we 
explicitly prove this theorem and derive a sufficient condition on the functions for which it holds. This 
condition turns out to be h(x) € £i(K m ) m i 2ra . 
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Theorem 4. Let h(x) be a differentiable superfunction in Li(K™ l ) m | 2n , satisfying Lijh = for all 
1 < i < j < m + 2n with body f , then ft(x) is of the form f{R 2 ) and 

{ Jrm f(r 2 y)dV(y) M > 

Mx) = < (-tt)t /(- m / 2 )(0) M G -2N 

[2(- 7 r) M ^/ oo /( i T M )(r 2 )dr MG-2N-1. 

Proof. The case M > is already obtained. Now we consider the case M < 0. Since f(R 2 ) is an element 
of Li(M m ) m | 2 „ we find that linv^oo r™" 1 / 00 (r 2 ) = holds for j = 0, • • • , n. This implies that 



lim r M+2 lfW(r 2 ) = for j = [^—^-\ , ■ 



, n — 1 . 



(24) 



For a spherically symmetric function we can calculate easily that 

f{R 2 ) = 1=^>V). 



First we restrict to the case m > 2 and insert this into the left-hand side of the theorem, 



f(R 2 ) = ^(-iy 



-M-i) T 



I -1 o 

y 2r dr' ' *>™- n v ; 



27T r ' 



1-2 yr(n-l)/ r 2s 



/(^)-f^(-l)" hm r-^/Cn-D^). 

Z7T 1 r->>0 



with u G R™- 2 ! 2 "- 2 . The boundary term at infinity vanished because of equation (|2"4"|) . The boundary 
term at zero vanishes because of the subsequent lemma[7Jfor g{r) — /( n_1 )(r 2 ) and k — m. This partial 
integration can be iterated, the boundary terms will always be zero because of equation (I24[) and lemma 
[71 In case M e — 2N this leads to (for m — 2 this is obtained immediately) 

/OR 2 ) = / f(R 2 ) 

" -(-D (1 - M/2) rrillf-^mdr 



At 



" 



(-.)f/(-^/ 2 )(0). 



In case M G — 2N - 1 we get 

f{R 2 ) = I /(/'"') 



1 1 1 — M 



^f^(-l) (1 - M)/2 r^h {1 - M)/2 f{r 2 )dr 



= ^ (-!) ( " M)/2 f(hi )(1 ~ M)/2f{r2)dr 

= 2(-tt)— / /(— )(r 2 )dr. 
j o 

This proves the theorem. □ 
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Lemma 7. If for a differentiable function g(r) the integral r k 2 -^g(r)dr with k G N and k > 2 
exists, then the following relation holds: 

lim r k ~ 2 g(r) = 0. 

r— >>0 

Proof. First we prove that lirrv^o r fc_1 -§^g{r) — 0. Assume that lim,._^ > o r k ~ 1 -§pg{r) = a > (the case 
a < is similar). This implies that for an e < a there is a 8 f > such that 

or r 

for r < S e . This implies that J^' r k ~ 2 -§^g{r) is infinite. So we obtain lim r _ i . > o r k ~ 1 -§pg{r) = 0. 

Now, assume that lim r _ y> o r k ~ 2 g(r) = b > with 6 finite (again the case b < is treated similarly). 
This implies that, using the previous result, 

d 

lim r—r k ~ 2 g(r) = (k - 2)6, 
r->->0 <9r 

so for r) < (k — 2)6, there is a J,, > such that for r < 8 n 

d k _ 2 , (k- 2)6 - n 

—r k 2 g(r) > i '- '-. 

or r 

Integrating this expression yields 

r k - 2 g(r)-r k - 2 g(r ) > ((k — 2)6 — rj) ln(r/ro) 
when ?'o < r < S n . However, this would imply that 

r k ~ 2 g(r) > b + lim Uk - 2)6 - rj) hx(r/r ) 

for < r < Srf, which is impossible. 

Finally assume that lim r ^ > o r k ~ 2 g(r) — +oo. This implies that for every K > there is a 8k such 
that g(r) > K/r k ~ 2 when r < 8k- Since lim r -+ > o r k ^ 1 -§pg{r) — 0, for every e > 0, there is an 8 £ > such 
that |g'(r)| < e/r k ^ 1 for r < 8 € . For r < ro < S e , this leads to 



j'(u)du < / —r—rdu 



which implies 



. . e/(k-2) , . e/(k-2) 



r, 



When we choose K > e/(fc — 2), g(r) > K/r k 2 for all r < 8k leads to a contradiction. The only 
possibility that remains is lim r ^ > o r k ~ 2 g(r) = 0. □ 

When M < 0, theorem [2] is not applicable. Integral theorem |4] shows how a regularized version of 
theorem [2] can be obtained in the symmetric case m = In. In that case, theorem |4] states 



This is equal to 



f(R 2 ) = /(O). 



/,/,'-') = / lf(v 2 )dv 



dv' 

- hm — — / v —f(v )dv 

=-»o 2r( £ /2 + 1) Jo 7 

lim — — / v^fiv^dv. 



»or(e/2) y 
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So we obtain a regularized version of theorem [5] for orthosymplectically invariant functions for super- 
dimension M = 0. 



4 Fundamental solutions and mean value theorem 

The fundamental solutions for the super Laplace operator and its powers were calculated in In [3] 
and [12] they were used to construct Cauchy integral formulae on superspace. They are the solution of 
the equation 



V 2Z /(x) = (-l)^(x) = (-l) l S(x) 



7T X 



n 



It can be easily seen from the definition of the Berezin integral (|10|) that 2-j= — is the fermionic Dirac 
distribution. As a finite dimensional vector space a Grassmann algebra is isomorphic to its dual. An 
isomorphism \ '■ A~2n ~ * A^ is given by 



x(x a )[xb] = / x A x B . 

Jb 



In this sense we find that the super Dirac distribution has homogeneous (super)degree — m + In = —M. 
The following lemma states that this uniquely characterizes the Dirac distribution together with the fact 
that its support is the origin, similar to the bosonic case. 

Lemma 8. The super Dirac distribution is up to a multiplicative constant the only Schwartz distribution 
with homogenous degree —M and with support in the origin o/K m . 

Proof. It is well-known that a bosonic distribution with support in the origin is a linear combination 
of derivatives of the Dirac distribution. The Dirac distribution has homogeneous degree — m and each 
derivative lowers the degree by one. Any super distribution with support in the origin and degree — M is 
of the form 

^d A (x)xA 

A 

with d A (x) a homogeneous bosonic distribution of degree — M — \A\ with support in the origin. This only 
exists when — M — \A\ < —to, so \A\ — 2n and di t ... ,i is equal to the bosonic Dirac distribution up to a 
multiplicative constant. □ 

The fundamental solutions turn out to be spherically symmetric functions. In stead of proving that 
the expressions obtained in |llj are spherically symmetric we start from new expressions and prove that 
they are fundamental solutions. First we repeat the purely bosonic fundamental solutions for the Laplace 
operator and its natural powers. The functions 

{r 2j '~ m /7 J -_i, TO m odd 

r 2j - m /l' 3 -i, m m even and j < f (25) 

— r 2 i~ m log(r) H'j-i m Tti even and j > y 

satisfy V^v^jix) = (— iyS(x). The constants 7 are explicitly given in pQ. For m odd for instance, the 
constant is given by 

7r m/2 

I (to/2 — / — 1) 

The solutions only depend on r and from now on we write v™j{r 2 ) = i/?^(x). 
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Theorem 5. When M ^ — 2N and using the notation of definition^ a fundamental solution for V 2 ' is 
given by 

m\2n ( \ „no2n + l — 1)! m , 2 \ 

v 2l ( x ) = 71 2 2l + 2 '^ K > 

with vJfi +2n (r 2 ) as in H25\) . This means a fundamental solution is given by 

( R 2l - M hi- 1M M odd 

z/ 2 7 |2n (x) = I R 2l - M hl„ lM M even and I < f (27) 

[-i? 2 '- M log(i?)/( 7 ;_ 1M ) M even and I > f. 

Proof. First of all, the proposed formulae are well-defined, as all the ^(r 2 ) are elements of C°°(R + ). 
First we assume M even. Because then M > Owe find that i y 2 i+2n( r ' 2 ) equals v 2 f (r 2 ) up to a multiplicative 
constant. Together with equation (f2Tj) for M bosonic variables this yields 

' >2 + »?n +2l (r 2 ) = forr^O. 



dr 2 r d 



Now in case M is odd we cannot make the substitution to M bosonic variables, because M could be 
negative. However, a short calculation shows that for r^O, 

+ M-l d\ r%l _ M = r 2l _ M) r 2l _ 2 y(l-i)-M_ 
or z r or J 

Combining the two results we find that for every M ^ —2N and for r ^ 

[g r 2+ r dr ) "2n + 2Ar ) - 0. 
Lemma 2] and formula (fT5|) then yield 

VS7 |2 "(x) ~ A(^ +2 J 2 \r 2 )R 2 + 2M(^ +2 J 1 \r 2 ) 

= HR 2 ) with h(r 2 ) =(*- + ^ l+2l (r% 



so 



V 2 ^ 2 7' 2 "(x) ~ h(R 2 ) withMr 2 )=(|, + ^^) ^ +2i (r 2 ). 

This implies V 2 ^™ |2,l (x) = for |as| > 0. So V 2 ^™ |2 "(x) is a distribution with support in the origin 
and Ei^' 2 "(x) = (21 — M)^' 2n (x). From this and lemma[5]we can conclude that V 2 '^' 2 " = C;<5(x) as 
distributions for some constant Ci . It is now easy to check that the normalizations given in the theorem 
are correct, either by comparing with the results in or by an explicit calculation. We demonstrate 
this for M odd. The only part in \/ 2l R 2l - M w hich is not zero is the part by of 2 " , so 

V 21 R 21-M = V 2/ ( _ 1) n^_ ( ;_^ + 1) ... (Z _^ )r 2i- m 



a* r(f-0 



7i-l,m £(f ~ Q 
7T™ F(f-Z) 

which proves the normalization constant is correct. □ 
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Remark 1. From the definition S(x) = 6(x)^-=\ — it is not immediately clear that the super Dirac 
distribution is an osp(m\2n)-invariant distribution. However, one can calculate that Lij5{~x) — in 
distributional sense. The orthosymplectic invariance also follows immediately from the fact that the 
Dirac distribution is equal to the Laplace operator acting on an orthosymplectically invariant function. 

Before we can establish a mean value theorem for super harmonic functions, we need the following 
lemma. 

Lemma 9. Let f and g be superfunctions which are respectively n and n + 1 times continuously differ- 
entiate in an open neighborhood of the unit sphere § m_1 and for wich V/, Vg and V 2 g exist almost 
everywhere and are integrable over B m . Moreover, let f be even in the Grassmann variables. Then the 
formulas 



(i) f V 2 g = f Eg 

JSB JSS 



SB JSS 

(ii) [ (V/,V<?) = / f(Eg)- I f^ 2 g 

JSB JSS JSB 



hold. 

Proof. Starting from lemma [5] we find 



/ (V,Vg) = [ (x,V 3 ) 

JSB JSS 



which proves the first part because of formula ([3]). Since / is even, (V, fVg) = (V/, Vg) + /(V, Vp), so 
the second part follows again from lemma [5] 



□ 



(V,/V 5 ) = / /(x,V ff ). 

SB JSS 



In |10j the mean value theorem was proven for harmonic polynomials. From the Pizzetti formula (|12|) 
we immediately obtain that for a harmonic polynomial h, 

2tt m / 2 
h = — — --h(0). 

ss r(M/2) 1 ' 

Using formula (1131) . we can now prove this property for arbitrary harmonic superfunctions. 

Theorem 6. (Mean value) Let fl be an open set in R m such that B m C CI. Let h(x) be an element of 
C (0) TO |2 n , satisfying V 2 h = in CI. Then one has 

2tt m / 2 

s /« - mm m - 

Proof. In (TT] it was proven that the bosonic parts, in expansion (|7|) of a super harmonic function, are 
polyharmonic and hence elements of C°°(Cl). This means J ss h(x) is well-defined. First we consider the 
case M ^ — 2N. We start from theorem 11 in [3], which states that for a superfunction g E C 1 (0) rn | 2rl 
with B m C Cl, 

[ (V^ |2 "(x),x 3 (x))- / (V^ |2 "(x),V 3 (x)) = -. 9 (0). 

JSS JSB 

By rewriting this, substituting h for <?, using lemma |9](m) and 

m+2n m+2n 

(V^ 2 m|2n (x),x) = ^ (-l)Wj fc V^ 2 m|2 "(x) = J2 ^V^ 2 m|2n (x) 

k=l fc=l 
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we obtain 

/ (E^ n|2 "(x)) fc(x) + / i / 2 m|2 "(x)V 2 / l (x) - / ^ l|2n (x)E/i(x) = -h(0). 

JSS ^ ' J SB J SS 

Now V 2 h — 0, and because ^™' 2 ™(x) = /i(-R 2 ) for some /i (theorem [5]) and lemma [6j we find 



(e*/™ |2 "(x)) /i(x) / E/i = -/i(0) 



'SS x ' JSS 

Lemma H] (i) implies that J ss Eh — 0, so finally 



ss 



(e^ i|2 "(x)) Mx) = -MO). 



As Ei/™' 2n (x) is still a spherically symmetric function (see (|2T)))) we conclude that 

fc(x) = Ch(0), 



SS 



for some fixed constant. This constant has to be ^(m/2) > because of the result for polynomials. This 
constant can also be calculated from theorem [5] We show this for the case M odd, yielding 

w " m{2n = 2(1 -M/2) - J Af/2 fl 2 - M 



2 



r(M/2-i) 



r(M/2) 2 _ M 

In case M e — 2N we observe that the right-hand side is zero since the surface of the supersphere <jm 
is zero. So we have to prove that J ss /i(x) = for ft. harmonic. When M £ -2N, R 2 ~ M is har momc 
(lemma S]), also in the origin since 2 — M > 0. As V 2 is an even operator, each harmonic function h is 
of the form h + + h— with h + even, h- odd in the Grassmann variables and both h + and h- harmonic. 
Using the fact that R 2 ~ M is both harmonic and spherically symmetric we can use lemma |9](m) twice and 
lemma |9](i) to calculate 

L ft+w - L h + R '-"=^U Vh ^ R2 - M} =^U VR2 - M - Vh + ) 

1 1 R 2 - M {Eh+) = — !— f (Eh+)=0, 



2-M Jss " ' 2-M 
For the odd case we calculate similarly, using lemma [2j 



ss 



I Mx) = / h_R 2 - M = -±-f 1 1 _. E /? 

Jss Jss z - iW Jss 



2-M 



/ y^X k {-l)^h_V k R 2 - M = —^— f Vv fe (-l)[ fe lft_V fe i? 2 - M 
' ss k 2-M J sb ^ 

/ ^(-l)W(V fe ft_)V fc i? 2 - M + -i- / 5>_V fe V fe i? 2 - M 

'SB k I — M J sb k 

[ V(-i) [fel (-i) [fc]([fcl+1) (v fc i? 2 - M )(v fe /i_) 

(Eh-) = 

which concludes the proof. □ 



1 


2 


- M 




1 


2 


-M 




1 


2 


— M 




1 


2 


— M 




1 


2 


- M 
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When M e -2N the integral of a harmonic polynomial on the supersphere vanishes because there is 
a function f(R 2 ) which is harmonic on B m . This is clearly only possible for negative even dimensions. 
Moreover, it is the same reason why there is no Fischer decomposition in these cases (see lemma [I}. 



5 Orthosymplectically invariant quantum problems 

In this section we show how spherically symmetric Schrodinger equations in superspace can be solved 
using harmonic analysis, orthosymplectically invariant functions and dimensional reduction. We can solve 
the case M > immediately using the purely bosonic case. Also when M is negative these techniques 
can be used to create an Ansatz for solutions leading to a one-dimensional differential equation. 

When spherically symmetric quantum hamiltonians (such as the harmonic oscillator [9 or the hy- 
drogen atom |23j ) are generalized to superspace, super hamiltonians with an osp(m\2n) invariance are 
obtained. In [23] the energy eigenvalues and corresponding eigenspaces were determined for the quantum 
Kepler problem (hydrogen atom) in superspace. This was realized by constructing an osp(2,m + l\2n) 
dynamical supersymmetry for the system. 

In [5] a basis of Clifford-Hermite functions was constructed for the quantum harmonic oscillator in 
superspace. In the bosonic case, the basis of Clifford-Hermite functions follows from introducing spherical 
coordinates and using the fact that V 2 , r 2 and E5 + m/2 generate the SI2 Lie algebra. In [53] this SI2 
algebra (now generated by V 2 and R 2 ) was transformed into the so(2, 1) algebra, which led together with 
the 0Sp(m|2n)-symmetry to osp(2, m + l|2n). 

In this section we will show how we can use spherically symmetric functions and the st2-properties to 
solve more general super hamiltonians with orthosymplectic invariance. A general hamiltonian is of the 
form 

H = -iv 2 + V(x) 

with V a general superfunction. Theorem [3J implies that all hamiltonians with an osp(m|2n) invariance 
have a spherically symmetric function (definition [2]) as potential, 

H = -iv 2 + V{R 2 ). (28) 

When we expand the superfunction / in the equation Hf = Ef as in formula we obtain a system 
of partial differential equations for the functions Ja on R m . When M > 0, the bosonic hamiltonian of 
the form 

Hb = -\v\ + V{t§ (29) 

in M bosonic dimensions, y £ M. M and V 2 = J2jLi ®y IS a special case. 

To study the completeness of the solutions of the hamiltonian a suitable Hilbert space structure should 
be considered. In a forthcoming article the authors will construct such a Hilbert space and show that 
every suitable Hilbert space contains generalized functions. These generalized functions already appear 
in the following theorem. 



Theorem 7. If for the case with M > bosonic variables the function H^,f(r 2 ) £ L 2 (R M ) ; with H\ £ 

b 

k,M> 

1. 



hi m> is an eigenvector of the M -dimensional hamiltonian i29\) with eigenvalue E, then 



2 -V 2 + V(R 2 



H k f{R 2 ) = EH k f(R 



for every H k £ Ti k in- superspace R m l 2 ™ with M — m — 2n. In case f(r 2 ) is n times differentiable f(R 



2\ 



is defined in the usual way, if not, f(R 2 ) is defined formally as as an element of S'(M. m ) ® A.2 n . 
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Proof. We start from 



V{i 



H b k f(r 2 y ) = EH b k f(r 2 y ). 



Substituting equation (|23|) for M bosonic variables yields 

-2r|/ (2) (4)-(2fc + M)/ (1) (r|) + y(r|)/(r|)]^ = £/(r|)#t 

From this it is clear that the exact form of the spherical harmonic is irrelevant. By using property (|18p 
we obtain 

-2R 2 f^{R 2 )-(2k + M)f^(R 2 ) + V(R 2 )f{R 2 ) = Ef(R 2 ) 

for any supervector x and R 2 = (x, x) . In case / is not sufficiently smooth, this equation should be 
regarded in distributional sense. If x is a supervector with super-dimension M, equation (|23j) yields 



V(R 2 



H k f(R 2 ) = EH k f(R 2 ). 



□ 



These solutions will turn out to be a complete set once the correct Hilbert space is considered. 
To find the multiplicities for the energy levels, it is important to note that the dimension of the space 
of spherical harmonics of degree k is given by (see [10] ) 



dim Hk 



min(/e,2n) 

E 



i=0 



k — i + m — 1 
m — 1 



min(fc-2,2ra) 



E 

i=0 



2n\ fk — i + m — 3 
rn — 1 



6 Funk-Hecke theorem in superspace 

In theorem 7 in [10j . a Funk-Hecke theorem on superspace for polynomials was proven. The classical 
(bosonic) version of the Funk-Hecke theorem can e.g. be found in [TBI IT5] . For x, y £ R m , a continuous 
function 4>((x,y)), Hf € H\ m and m > 1, 

holds, with 

Om,iM(rJ) = o m -i J ^{r y t)P{ n (t)(l-t 2 )^dt. (30) 

M—3 M-3 

P t M are the Jacobi polynomials P l 2 ' 2 , also known as the Gegenbauer polynomials, 

1 M-2 

Using the supersphere integration from [4] it will be possible to extend the existing Funk-Hecke 
theorem in superspace to more general functions. This is the subject of the current section. We first 
repeat the result from [TO] . 
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Lemma 10. Let x, y be independent super vector variables. Let Hi G %i and k G N, then 

(31) 



with 



f (x,y) fc ^(x) = a M At k \R k v~ l Hi{y) 
Jss 



£1 2ir M 2 1 r( fc ~ i+1 ) 
aM ^ = (.»._'?)! ^ oi r( Af+fc+i ) ifk + levenandk>l 

= ifk + lodd 
= £/ fc < / 



ajif,i[* fc ] = <x M -i J t fe P ; M (t)(l-i 2 )^d< #M>1. 



From the definition of otM,i\t k ] it follows that we obtain only even positive powers of R y in equation 
(f3"Tj) . For general polynomials p G R[£], aM,i[p(t)] is denned by linearity, so the theorem holds for 
polynomials in (x, y) . 

General functions depending on (x, y) can be defined using definition [31 This means that for an 
interval [—a, a] and a function <f) G C 2n {{— a, a]), we put 

2n (x «V 
0((x,y» = Jif-^fej!)), 

as an element of C(S n ) ® AJ^, with 

S a = {fey)el m xl m |fej)e[-a,a]}. (32) 

We call such functions super zonal functions. Similarly to thcorem[3]of the spherically symmetric functions 
we can prove that these are the only superfunctions of two vector variables (x, y) which are solutions of 
the equations 

(Xidxi - (-l) m Yjdyi) f = 0, 

for all i,j. 

Now we start to prove the Funk-Hecke theorem in superspace for general zonal functions. 

Lemma 11. Let <f> G C ([— a, a]). Let {pj}, j G N be a sequence of polynomials which converges 
uniformly to cf>, together with their first 2n derivatives, i.e. 

pf(t) -> w (i), 0<«<2n 
on [—a, a]. Then for a super spherical harmonic Hi G Hi 

lim f Pj .«x,y))Zr,(x) = f 0«x,y))ffj(x) 

pointwise as functions of y G B m (a) (im£/i B(a) i/ie closure of the ball with radius a in W" 1 ) taking values 
in the Grassmann algebra A| rl . 
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Proof. For a general zonal function ^((x, y)) (so also for a polynomial), we can write the integration over 
the supersphere ([T5)) as 



/ *«x,y))ff, = J2 I d il 



jlk\ 



r=l 



This means that for \y\ < a the convergence follows from the uniform convergence of the first 2n deriva- 
tives. □ 

Now we extend the notation from (|30[) . which is only defined for m > 1, to all dimensions for 
polynomials, aM,i[t k ](u 2 ) = ctM,i(t k )u k . Definition [2] then implies that aM.i[t k ](R 2 ) = ctM,i(t k )Ry- 

Corollary 1. For a sequence Pj and 4> as in lemma \Tl[ one has 

R l ' 



0«x,y))H,(x) - ,lima M , i [p i (t)](iJ) 

SS,x \J^™ 



pointwise for y £ B m (a). 

Proof. This follows immediately from lemma ITTI together with the Funk-Hecke theorem for polynomials 
in lemma ITUl □ 

Corollary [T] implies that the limit on the right-hand side in fact converges and does not depend on 
the choice of pj , so we can define 

Definition 4. Let <\> € C 2n ([— a, a]) and y £ M m (a). Then ctM,i[<f\{Ry) is given by 

a M ,iW\{ R l) = lim a M,l\pj](Rl), 

with pj (t) a sequence of polynomials for which pj , for < i < In, uniformly on [—a, a] . 

The following lemma implies that this is well-defined, since for M > 1, a.M,i[<t>\{Ry") 1S already defined 
by equation (150")) and definition [2J 

Lemma 12. For M > 1, <j) € C 2n {[— a, a]), y € B m (a) and with oeM,l[<t>]{Ry) as defined in lemma\^ the 
following relations hold, 

l 



k=0 

Proof. The first equality follows from 



a M M(Ry) = <?M-1 J ^(Ryt)Pr(t)(l~t 2 ) 



r 1 

- u 2fe r 1 / rl \ k 



r-l 

°\M — 1 / ^(Ry^P^it^l-t 2 )' 
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which follows from the uniform convergence of the first n derivatives. The second equality follows from 
the smoothness of the integrand 

vm-iJ HR y t)P^(t)(l-t^ = J2(-l) kE ^*M-x J x ^(M)P^(i)(l-t 2 )^ 

□ 

Now we can state the general Funk-Hecke theorem in superspace. 

Theorem 8. Let x, y &e independent vector variables. Let Hi £ Hi be a spherical harmonic of degree I 
and (j) £ C 2n {[— a, a]). Then one has 

^x,y))ff,(x) = a tf ,,[^) /?/ 



2, my) 



SS,X fly 

for y £ B m (a), wii/i (XM,i(4>{Ry t)) as defined in definition^ or lemma \TB for M > 1. 

Proof. Because 0( 2 ™) £ C([— a, a]) and by the Weierstrass approximation theorem there is a sequence of 
polynomials {qj} for which Qj(t) — > (f^ 2n ^{t) uniformly on [—a, a]. By integrating 2n times we obtain a 

sequence of polynomials {pj} for which p^ — > uniformly on [—a, a] for < i < 2n. The theorem 
then follows from corollary [TJ □ 



7 Bochner's relations and the Mehler formula for the super 
Fourier transform 

7.1 Bochner's periodicity relations 

Bochner's relations in bosonic analysis give an expression for the Fourier transform of a function H^ijj(r 2 ), 
with Hi £ H°. m , in terms of the Hankel transform, see e.g. [19]. 

Definition 5. The Hankel transform of a function f £ 5(R + ) is given by 

n v [f]{u) = f°° m^-r^dr, 
Jo {ru) u 

with J„ the Bessel function of the first kind of order v for v > — h . 
For convenience we use the following transformation, 

with T(u) — u 2 . The classical Bochner's relations are given by 

Theorem 9. For H\ £ H b km , ip £ <S(R+) and with r 2 = (x,x) and u = (y,y), the Fourier transform of 
H%,ip(r 2 ) is given by 

Ft[H b k {x)^r 2 )]{y) = (±i) k H b k (v)^-iMu 2 ). 

We will show how the super Fourier transform of an orthosymplectically invariant function, multiplied 
with a spherical harmonic, can equally be expressed in terms of the classical Hankel transform for M > 0. 
We start by proving the following application of the Funk-Hecke theorem in superspace. 
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Lemma 13. For M > 1 and H k G Hk, the following relation holds, with v € R + , 

My) 



exp(w(x,y))i? fe (x) = i k {2n) ? (vR y y 2 JM +fe _ 1 (ui? 1/ ) : 



Proof. First of all we note that the right-hand side is well-defined, since Jiw +i _ 1 is analytic on R + . Using 
theorem [8] and lemma [12] we obtain 

exp(ro(x,y))ff fe (x) = a M ,k [exp(ivt)] (R 2 y ) Hk j^ . 

SS,x U y 

From the bosonic Bochner's relations we find that for vu £ M + , 

Q!M,fc[exp(wt)](u 2 ) = i k (2n)^ {vu) 1 ^^ jM +fc _ 1 (wu) 

for M > 1. □ 

This leads to the Bochner's periodicity relations in superspace. 

Theorem 10 (Bochner's relations). For M > 1, ip e 5(R+), ip(R 2 ) as in definition^ and Hk € Hk, the 
following relation holds 

T± ]2n [H k {*)4>{R 2 )]{y) = {±i) k Hk{y)T k+ M_ i mR 2 v), 
with J 7 k+ Ai_ 1 [ip](R 2 l ) as in definition^ 

Proof. We calculate the left-hand side using theorem [2j lemma [6] and lemma [T3l yielding 

•^|2„[^( x )^ 2 )](y) = I exp(± i (x,y))iJ fc (x)V.(i? 2 ) 

= (27r)-f f dvv* 1 - 1 f cxp(±w(x,y)) U fe i/ fe (x)^(t; 2 i? 2 ) 

JO JSS,x 

H k (y) 



(27r)-f / ^^ /+fc - 1 VX« 2 )(±*) fc (2^^( Vj R,) 1 -^jM +fe _ 1 (^): J?/ 

/>oo 



/>oc 

= (±*) fe i^(y) / ^« M+2 ' ! - 1 («ii 3/ ) 1 -"-V(« 2 )^ +fc - 1 (^)- (33) 
Jo 



Because i " J u (t) is analytical in [0, +oo[, we can apply definition [5] to obtain 
F^ 2n [H kW (R 2 )]{y) = (±i) k H k (y) jf° dv ^^W) £(-1)^ (j^' 



jl \drl_ 



= ( ±l )^(y)^(-l)^(_) Fu +k _ x mr 2 y) 



This concludes the proof of the theorem. □ 
7.2 Mehler formula 

To obtain a Mehler formula for the super Fourier kernel we start from equation (|33[) , 



(2tt)- m / 2 / exp(±z(x,y))# fc (x)V(i? 2 ) 

/•OO 

{±i) k H k {y) / dvv M+ ™- 1 (vR y ) 1 -*- k 1>(v 2 )J* +k _ 1 (vR y ). 
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Using equation (fT7|) and theorem [5] yields formally 

POO 

(±i) k H k (y) / dvv^-^vRyf^-^iv^jM^vRy) 
Jo 

= ^(x)F,(x,y) / d^ M+J+fe - 1 (^) 1 -^-V(« 2 )JM +i _ 1 (^) 

j_q «/ SS,x ./ 

= V(±*) ( / dw^ivRy^-^iv^JM^vRy) H k (vx)Fi(vx,y) 

l=Q JO 2 JSS,x 

00 

= 53(±i)' / ( J R,i?,) 1 -*- i JM +i _ 1 ( J R ;c i?,)F / (x,y)^(i 1 '2 )iJfc(x) . 

So we obtain an alternative expression for the Fourier kernel, which leads to the Mehler formula 

(2^/ 2 exp(±z(x, y » = f)(±<)*^(x,y) ^ 4 *-;^ ) . (34) 

The convergence of this series can be proven using the exact same technique as in theorem 14 in [5]. 
By comparing formula (|3"4")l to the Mehler formula (fTo]) we obtain 

^Zlg^j = V -MzD! -r^ (J g) L ^ ( 4 )m p(-^), 
( J R a ^)f+ fe - 1 ,t^ r 0' + f + fc ) ' J ' 2 

which is the orthosymplectic analog of the classical Hille-Hardy formula (see e.g. [15], p. 189). 
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